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ASYMPTOTIC THEORY OF 

BY A SONIC FLOW 

T H E  F L O W  A R O U N D  A N  O B S T A C L E  

A.  L.  B r e z h n e v  a n d  I .  A.  C h e r n o v  UDC 533.6.01t 

The f i r s t  invest igat ion of the p r o b l e m  of the flow around an obs tac le  by a gas flow whose ve loc i ty  
is equal to the speed of sound at  infinity was ca r r i ed  out in [1, 2], where  i t  is shown in pa r t i cu l a r  
that  the pr inc ipa l  t e r m  of the app rop r i a t e  asympto t ic  expansion is a s e l f - s i m i l a r  solution of 
T r i c o m i ' s  equation, to which the p r o b l e m  reduces  in the f i r s t  approximat ion  upon a hodographic 
invest igat ion.  The r e q u i r e m e n t  that  the s t r e a m  function be analyt ic  as  a function of the hodo- 
graphic  va r i ab l e s  on the l imit ing c h a r a c t e r i s t i c  was an impor tan t  condition de termining  the 
se lec t ion  of the s e l f - s i m i l a r i t y  exponent n (xy-n is an invar ian t  of  the s e l f - s i m i l a r  solution)o 
The analyt ic  na ture  of the ve loc i ty  field e v e r y w h e r e  in the flow above the shock waves ,  which 
a r i s e  f rom necess i ty  upon flow around an obs tac le ,  follows f r o m  this condition. The la t ter  was 
found in [3], where  one of the b ranches  of the solution obtained in [1] was used in the region 
behind the shock waves .  The pr inc ipa l  and subsequent  t e r m s  of the asympto t ic  expansion 
descr ib ing  a sonic flow far  f r o m  an obs tac le  were  d iscussed in [4], where the author  r e s t r i c t e d  
h imse l f  to T r i c o m i ' s  equation. Each t e r m  of the s e r i e s  const ructed in [4] contains an a r b i t r a r y  
coeff ic ient  (we will ca l l  it a shape p a r a m e t e r )  which is not de te rmined  within the f r a m e w o r k  of 
a local  invest igat ion,  and cons idera t ion  of the p rob l em of flow around a given obs tac le  as a 
whole is n e c e s s a r y  in o rde r  to de te rmine  these  shape p a r a m e t e r s .  It follows f r o m  the r e su l t s  of 
[4] that  the p rob l em  of higher approx imat ions  to the solution of [1] coincides with the p r o b l e m  of 
cons t ruc t ing  a flow in the neighborhood of the center  of a Laval  nozzle  with an analyt ic  ve loc i ty  
dis t r ibut ion along the longitudinal axis (a M e y e r - t y p e  flow). Along with the M e y e r - t y p e  flow in 
the vicinity of the nozzle center, which corresponds to a self-similarity exponent n--2, two other 
types of flow are asymptotically possible with n=3 and II, given in [5]. The appropriate 
solutions are written out in algebraic functions in [6]. The results of [5] show that the condition 
that the velocity vector be analytic on the limiting characteristic in the flow plane is broader than 
the condition that the stream function be analytic as a function of the hodographic variables, which 
is employed in [i, 2, 4]. Therefore, the necessity has arisen of reconsidering the problem of 
higher approximations for the obstacle solution of F. I. Frankl'. It has proved possible for the 
region in front of the shock waves to use a series which is more general than in [4], which 
implies the inclusion of an additional set of shape parameters. The solution is given in the hodo- 
graph plane in the form of the sum of two terms; the series discussed in [4] corresponds to the 
first one, and the series generated by the self-similar solution with n=3 or with n = ii cor- 
responds to the second one. 

1. Two dimensional  i r ro ta t iona l  flows of an ideal p e r f e c t  gas a r e  descr ibed  in the t ransonic  approx i -  
mat ion by the equations [7] 

--mt~ 4- ~'~j = O, ~!j -- v x = O, (1.1) 

where  x and y a r e  the reduced  C a r t e s i a n  coordina tes  and u and v a r e  the d imens ion less  components  of p e r -  
turbat ions  of a un i fo rm sonic flow. 

Saratov.  Trans la ted  f r o m  Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki,  No. 3, pp. 99-107, May- 
June, 1979. Original  a r t i c l e  submit ted  April  17, 1978. 
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S y s t e m  (1.1) reduces on the hodograph  plane to T r i c o m i ' s  equat ion  

- - u y ~  -I- Yuu = 0. (1.2) 

2he  c o o r d i n a t e  x is found f r o m  the  r e l a t i o n s h i p  

d x  ~ uy~du + yudv .  (1.3) 

Equat ion  (1.2) p o s s e s s e s  the  c l a s s  o f  s e l f - s i m i l a r  so lu t ions  

Y = vX[~(t)~ t = v l V ' ~ -  (4/9)u ~, (1.4) 

w h e r e  it is  a p a r a m e t e r  un ique ly  a s s o c i a t e d  with the s e l f - s i m i l a r i t y  exponent  n = (it + ~/a)/X and t is the  s e l f -  
s i m i l a r  v a r i a b l e .  

The func t ion  flt(t) s a t i s f i e s  the o r d i n a r y  d i f f e ren t i a l  equa t ion  

t' (I --  t') Ix + t 123~ --  (2X + 4/3) t'] l~ + h (~ --  I) Ix = 0~ (1.5) 

whose general solution is expressed in terms of the hypergeometric functions (A~t and Bit are arbitrary con- 
stants) 

~u = A x t - X F (  - ~ , / 2 ,  ),/2 Jr i/6, i/2; t ~) -[- Bx tX-~F( - -~ . /2  q- 1/2, k/2 q- 2/3, 3/2; t2). (1.6) 

If Ai t=6,  then (1.4) and (1.6) d e t e r m i n e  a flow which is s y m m e t r i c  with r e s p e c t  to the x ax is .  

F r o m  (1.3) we find 

x = v~+,/a gr (t),  g~ = (3/2),/a 

2. The  flows d e s c r i b e d  by the so lu t ions  of  Eq. 
field is  s a t i s f i ed  on the l imi t ing  c h a r a c t e r i s t i c  which 

(~ + i /3 ) - ,  (t-2 - ~):~ (x/~ + t/~.). (1.7) 

(1.2), in which the condit ion o f  ana ly t i c i t y  of the ve loc i ty  
is the bounda ry  of the t r anson ic  zone,  a r e  ca l led  na tu ra l  

o r  N flows.  The condi t ion  of  n a t u r a l n e s s  d e t e r m i n e s  a wider  c l a s s  than the condi t ion of  r e g u l a r i t y  of  y on the 
l ine t = 0~ in the hodograph  plane.  They  w e r e  inves t iga ted  in [8] in a c l a s s  of  s e l f - s i m i l a r  N flows.  

At f i r s t  we wil l  r e s t r i c t  o u r s e l v e s  to the s tudy  of  N flows which a r e  s y m m e t r i c  with r e s p e c t  to the xax i s  
(NS flows).  Below a r e  c o n s i d e r e d  n o n - s e l f - s i m i l a r  so lu t ions  of T r i c o m i ' s  equat ion  which a r e  s e r i e s  in the 
s e l f - s i m i l a r  componen t s  with the p r i n c i p a l  t e r m  d e s c r i b i n g  an NS flow without  l imi t ing  l ines  in the t r anson ic  
zone. 

We will  d i s cus s  the p r o b l e m  of  h igher  a p p r o x i m a t i o n s  to the solut ion o f  [1]. We p r e s e n t  the des i r ed  
so lu t ion  o f  Eq. (1.2) in the f o r m  

y = v-5t~/-5/a  ~ v;'/~. (2.1) 

Le t  us d e t e r m i n e  the va lues  of  the exponent  it a p p e a r i n g  in the second  t e r m  for  which (2.1) d e t e r m i n e s  an 
NS flow. For  de f in i t eness ,  we wil l  c o n s i d e r  the r e g i o n  of  the hodograph  bounded by the negat ive  s e m i a x i s  of  
u and the l imi t ing  c h a r a c t e r i s t i c  v =  2/3u~ 2, with v >0. We wr i t e  the gene ra l  i n t eg ra l  of  Eq. (1.5) in the f o r m  

. . . .  ~"~ ).;2 1/6. ~. -~- 7/~k ~-'-'L ': --')~ -- 1 ,~ (2.2) f~ == C~F( ;t12, --),/2 -v 1/2, ?. --' ojb; t -2) ~-D;tvI"(~. "2 -:- - .... ..... , _.. 

w h e r e  Cit and Dit a r e  cons t an t s  a s s o c i a t e d  with A; t and Bit by a nondegene ra t e  l inear  t r a n s f o r m a t i o n ,  and 

v =/= 0, -4-2, -1-4 . . . . .  (2.3) 

If u is an  even  n u m b e r ,  then (2.2) should be r e p l a c e d  by an  e x p r e s s i o n  conta in ing  l oga r i t hmic  t e r m s .  

In [1, 4] the  exponents  it a r e  found f r o m  the s y m m e t r Y  condi t ion  Ait = 0 and the r e g u l a r i t y  condi t ion  o f  the 
so lu t ion  (2.1) in the hodograph  p lane  Dit= 0. In o r d e r  to d i s c o v e r  exponents  it which a r e  d i f fe ren t  f r o m  the ones 
ind ica ted  in [1, 4] ,  we will  c o n s i d e r  the c a s e  Dit~ 0. 

Us ing  (1.3) and (2.1), we find 
x v-~/ag_~/3 _~ vx+l/~g~. (2.4) 

F r o m  (2.1) and (2.4) we obta in  the expans ion  ~ = x y  -4/s in p o w e r s  of  y with coef f i c ien t s  depending on t: 

= ~o (t) q- yh ~ (t) + y2h ~ (t) q- . . . .  h = - -  3X/5 l, 
-~/~ -- (2.5) ~0 = g-51~ 1-,~I~' ~' - -- (4/5)/~/:_'7i h + ~ {-41~-h 

~ J - - 5 1 3  ' 

--915--2h ~ ---- (9/5 q- 2h) (2/5)/[/_-~5 2a - -  (4/5 -}- h) g~/~f_~/~ . . . . .  

We wil l  expand the funct ion  ~i into s e r i e s  as  t ~  o~, 

~o = ~oo ~- ~o~t -~ + . . . .  ~ = ~o -~ ~i ~tv -F ~i~t -~ -~ . . . .  ( 2 . 6 )  

where ~i] are constants expressed in terms of C_~) ~, Cit, Dit. 

We note that ~0 is an analytic function of the variable t -2, since D_~= O. 

338 



We inves t iga te  the c a s e  - 2  < v < 0 ( -  1/6 < A < 5/G). Using (2.6), we r e w r i t e  (2.5) in the f o r m  

= Zo(y) + Z , (y ) t  v + Z~(y)t -~ + . . . .  

Z0 = too + ~loy ~ + ~oy ~h + . . . .  (2.7) 
ZI = ~ny a + ~,y2h + . . -, 

Z2 = ~u~ + ~2y h + ~22y 2h -F . . . .  

On the l imi t ing  c h a r a c t e r i s t i c  t = ~;  t h e r e f o r e ,  ~ = Z 0 is the equa t ion  of  the l imi t ing  c h a r a c t e r i s t i c  in the 
x, y plane.  Inver t ing  (2.7), we find the expans ion  of  the quant i ty  t -2 in the v ic in i ty  of [ =  Z0: 

t -~  = z ~  (~ - -  zo) -~/" + . . . .  (2.8) 

On the o ther  hand, 
t -~ = t - -  4uU(9v ' ) .  (2.9) 

Let  u, v be ana ly t ic  funct ions o f  x, y on the l imi t ing  c h a r a c t e r i s t i c .  Then it  fol lows f r o m  (2.8) and (2.9) 
tha t  the e x p o n e n t - 2 / v  should be a na tu ra l  number :  

--2/v = i, ~ = t / i  - -  t/6, i = t ,  2 , . . .  

Even va lues  of  i c o r r e s p o n d  to flows for  which the l imi t ing  c h a r a c t e r i s t i c  is a b ranch ing  line in the hodo-  
g raph  plane.  Since the bas i c  solut ion with X = - 5 / 3  does not p o s s e s s  this p r o p e r t y ,  the cont inuat ion  beyond the 
l imi t ing  c h a r a c t e r i s t i c  is not  d e t e r m i n e d  for  the c o r r e s p o n d i n g  sum.  The value  i = 1 is unsui table ,  s ince  the 
condi t ion (2.3) is v io la ted .  With i = 3 we obta in  ?,= ~d i .e . ,  the c o r r e c t i o n  in (2.1) c o r r e s p o n d s  to the second 
a s y m p t o t i c  type o f  flow in a t w o - d i m e n s i o n a l  nozz le  [5]. Let  i = 5; then ~= t/3o~ and the c o r r e c t i o n  c o r r e s p o n d s  
to the th i rd  a s y m p t o t i c  type  of  flow in a Laval  nozz le  [5]. 

If i = 7, 9, 11, . . . ,  t h e n  ~.=-1/42, -1/18, - ~66 ,  . . . .  Nozzle  flows with a s t r a igh t  sonic l ine which w e r e  s tudied 
in [9] c o r r e s p o n d  to these  va lues .  The a bse nce  o f  the r eg ion  of  the hodograph  between the sonic line and the 
l imi t ing  c h a r a c t e r i s t i c  in these  flows p r e v e n t s  the i r  u se  as  a t e r m  in (2.1). 

Now le t  --oo < v < --2(5/6 < ~ < oo). Inver t ing  (2.7), we obtain 

t - 2  = Z E l  (~ _ go  ) _ Z ~ Z ~ / 2 - t  (~ - -  Zo) -~ /2  + . , .  

If the ve loc i ty  field is ana ly t i c  on the l imi t ing  c h a r a c t e r i s t i c ,  the exponent  - v / 2  should be a na tu ra l  number ;  
however ,  the condi t ion (2.3) is v io la ted  in this ca se .  

T h e r e f o r e ,  we obtain  tha t  (2.1) d e t e r m i n e s  an N flow if X = 1/G and 1/~0. 

3. Higher  a p p r o x i m a t i o n s  for  s e l f - s i m i l a r  solut ions  (1.4) with the exponents  X=-~/3, 1/6, and ~% a r e  c o n -  
s t r u t t e d ,  each of  which contains  a shape p a r a m e t e r .  Thus the NS flow d e s c r i b e d  by the s e r i e s  

Yl = v ~'ii f~il~ ~ti = - - 5 / 3  + 2U3 (3.1) 

was  inves t iga ted  in [4]. Here  s u m m a t i o n  is c a r r i e d  out o v e r  the r e p e a t e d  s u b s c r i p t  i, which takes  i:ntegral 
nega t ive  values  not  equal to 1 and 2. Since DMI=0  in (2.2), which c o r r e s p o n d s  to (3.1), the coef f ic ien ts  f~it 
(and a l so  gxil '  a r e  ana ly t ic  funct ions of  the va r i ab le  t -2( t  ~ 0o). 

A flow in a doubly s y m m e t r i c  Laval  nozz le  d e s c r i b e d  by the solut ion 

Y~ = V~2 f)~j2, ~j2 = 1/6 -~- ]/3 (3.2) 

was inves t iga ted  in [10], whe re  j is an  in t eg ra l  nonnegat ive  s u m m a t i o n  index not equal  to 2, 5, 8, 11, . . . ,  which 
c o r r e s p o n d s  to the condi t ion  (2.3). We note tha t  v(Xj2)=-2(j  + 1)/s3; t h e r e f o r e ,  fxj2, and a l so  gxj2 '  a r e  ana ly t ic  
funct ions  of  the v a r i a b l e  r =  t -?/~ (~ - -0 ) .  

We will  c o n s i d e r  t h e  so lu t ion  of  Eq. (1.2) 

Y~ = v ~  [ ~ ,  ~ a  : t /30 ~ k/5~ (3.3) 

w h e r e  k is an in teg ra l  nonnegat ive  s u m m a t i o n  index no t  equal  to 4, 9, 14 . . . . .  Since V(Ak3) =-2(k+l ) f lh ,  f~ka and 
a r e  ana ly t i c  funct ions of  the v a r i a b l e  ~ l = t  -~/5. It is shown in [10] tha t  (3.2) and (3.3) d e t e r m i n e  NS flows in g ~k3 , 

a p a r t i c u t a r  case .  

4. Us ing  the l i nea r i t y  of  T r i c o m U s  equat ion,  we s u m  up the solut ions  y~ and Y2, obta ining 

y = V-~13f_5/~ q- v~/~/~is -~ v~,"~ftl~ + t~l~/v~ + . . �9 (4.1) 

The coef f ic ien ts  f~/e, fg2, ... depend p a r a m e t r i c a l l y  on t [6, 10]: 

t = 2.3-~/~(s ~ q- s)(--s a q- 21/ffs z q- l)-~/z, 

. . . . .  iv~ = Ho(s + Eo)(s ~ + s)-V~,  

h / ,  = H~(s a - -  V 'EExs '  -b V3-s  -1-- E~)(s ~ -k  s) -~/~ . . . . .  
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H e r e  s is  a r e a l  p a r a m e t e r  which  v a r i e s  wi th in  the  l i m i t s  0 < s  < r H i and E i a r e  a r b i t r a r y  c o n s t a n t s ,  and E0= 
E 1 = . . .  = 0 for  s y m m e t r i c  f lows.  

The  func t ions  f_s/s, ft/s, . . .  a r e  o f  t h e  f o r m  . . . . . . . .  

]-5IS = (91i6)B-slSPl3[(t  - -  t)~lS(ll3 q- t) - -  (i  -l- t)z/S(tl3 - -  t)],  

]11s = (312)Bllst-113[(i -b t) 1/s -- (i t)11s]. 

We will show that (4.1) determines an NS flow. Using (1.3) and (1.7), we find 

x = v-4/3g_513 ~- vll'2gile Jr- vSlSgil 3 + vSlSgll ~ ~ . . .  ~ (4.2) 

The c o e f f i c i e n t s  f - w ,  g - w ,  f~/6, f$/s, ""  a r e  a n a l y t i c  func t ions  of  the  v a r i a b l e  r i n t r o d u c e d  in  Sec.  3. Then 
(4.1) and (4.2) d e t e r m i n e ' x ( v ,  @ a n d  y(v,  r) a s  a n a l y t i c  func t ions  in the  v i c i n i t y  of  the  l i m i t i n g  c h a r a c t e r i s t i c  
r = 0  i v > 0 ) .  If the  J a c o b i a n  of the  t r a n s f o r m a t i o n  J =  8(x, y) /8(v,  T) is  d i f f e r e n t  f r o m  z e r o  in the  v i c i n i t y  of  V=0,  
then  i t  i s  p o s s i b l e  to i n v e r t  (4.1) and  (4.2). The i n v e r s e  func t ions  v(x,  y) and T(x, y) a r e  a n a l y t i c  on the l i m i t i n g  
c h a r a c t e r i s t i c .  The func t ion  u(x,  y) w i l l  p o s s e s s  the  s a m e  p r o p e r t y ,  s i n c e  

U = (3/2)2]~v"ls(i - -  ~3)~lS. (4.3) 

L e t  us  d e t e r m i n e  the  s u f f i c i e n t  cond i t i ons  for  which J # 0 in  the  v i c i n i t y  of ~= 0 in the  c a s e  of  s m a l l  
v a l u e s  of  v. L e t  us  r e p r e s e n t  J in  the  f o r m  

] = --(312)~13v~1,~(~ z~)-'(xv - -  ~ /u  gv)(xv ~- ~/~y,). 

E x p a n d i n g  Xv, Yv in p o w e r s  of  T with v f ixed ,  we o b t a i n  

J ---- v-~l ~ 2(3/2)~1SD~/6[ - -  (5/3) C_~I3V -513 ~ (]/6) C~/sv~/s + . . . ]  + O(z). 

If D~/6 ~ 0, and in a d d i t i o n  
sgn (C-513Cll6) = --1,  (4.4) 

J #  0 in the  v i c i n i t y  of  the  l i m i t i n g  c h a r a c t e r i s t i c  fo r  s u f f i c i e n t l y  s m a l l  f ixed  p o s i t i v e  v a l u e s  of  v.  

The  r e s u l t s  o f  the  c a l c u l a t i o n  of  the  c h a r a c t e r i s t i c  l i n e s  in the  c a s e  of  f low a r o u n d  an  o b s t a c l e  a r e  g iven  
in  Fig .  1. The f low (4.1) in  which the  f i r s t  two ( three)  t e r m s  a r e  k e p t  i s  shown by so l id  (dashed) l i n e s ;  S 
deno t e s  the  son ic  l i n e ,  C deno t e s  the  l i m i t i n g  c h a r a c t e r i s t i c ,  I d e no t e s  the  z e r o - i n c l i n a t i o n  l ine  of  the  v e l o c i t y  
v e c t o r ,  and P d e n o t e s  the  z e r o  l i ne  o f  the  f low c a l c u l a t e d  by i n t e g r a t i o n  of  the  equa t ion  d y / d x = v .  S e v e r a l  l i ne s  

o f  v = c o n s t  a r e  a l s o  shown.  It  was  a s s u m e d  in the  c a l c u l a t i o n s  tha t  

B_s/~ = 16/9, B,/~ = 4-~(2/3)~/s, (4.5) 

He = 21183-~P~-(2 -~- )T5)-~14, E0 = 0. 

5. We wi l l  c o n s t r u c t  a s o l u t i o n  of  the s y s t e m  (1.1), which c o r r e s p o n d s  to (4.1),  with the  he lp  of  an  
e x p a n s i o n  of  the  d e s i r e d  func t ions  into s e r i e s  in  s e l f - s i m i l a r  c o m p o n e n t s  on the  x,  y p lane .  We wi l l  f i r s t  u s e  
c o o r d i n a t e  e x p a n s i o n s  in p o w e r s  of  y with ~ fLxed: 

u = y -2 /~+~ U~ (~),, v = y-~ /~+~ V~ (~), ~ = xy  -a/s ,  

k0 = 0, k~ = t t / t 0 ,  k~ = --615, k~ = --13110, k~ = --8/5,  (5.1) 

ks = --t7110, k s = i9/ t0 ,  kv = - -2 ,  ks = - - t t / 5  .... 

The v a l u e s  o f  k i a r e  d e t e r m i n e d  by  the c o r r e s p o n d i n g  exponen t s  of  the  p o w e r s  in (4.1). The func t ions  U i 
and  V i s a t i s f y  a s y s t e m  of  o r d i n a r y  d i f f e r e n t i a l  e qua t i ons .  This s y s t e m  has  a s i n g u l a r  po in t  ~c, which i s  
d e t e r m i n a b l e  f r o m  the cond i t i on  4U~(~c) = 9V~(~c). The g e n e r a l i z e d  p a r a b o l a  ~ = ~c is  the  l i m i t i n g  c h a r a c t e r i s t i c  
of  the  s y s t e m  (1.1) for  the  s e l f - s i m i l a r  s o l u t i o n  
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u = y-: /SUo(~) ,  v = y-~/~ro(~). (5.2) 

If a l l  the funct ions  U i and V i a r e  ana ly t ic  a t  the point  ~c, then (5.1) d e t e r m i n e s  the so lu t ion  of  the s y s t e m  
(1.1) which is ana ly t i c  on the l imi t ing  c h a r a c t e r i s t i c .  

An inves t iga t ion  of  the h igher  a pp rox i m a t ions  (5.1) shows that  the funct ions  Ui, Vp ... a r e  nonanalyt ic  a t  
the point  ~c. However ,  one should not i n t e r p r e t  this fac t  a s  p roof  of  nonana ly t ic i ty  of  the ve loc i ty  field d e t e r -  
mined by the hodograph ic  solut ion (4.1). The cause  of  this a p p a r e n t  con t r ad ic t ion  is expla ined by the fac t  of  
the nonun i fo rm val id i ty  of the a s y m p t o t i c  expans ion  (5.1), which is va l id  nea r  the l imi t ing  c h a r a c t e r i s t i c ,  
w h e r e a s  (4.1) is u n i f o r m l y  val id e v e r y w h e r e .  Outside the v ic in i ty  of  the l imi t ing  c h a r a c t e r i s t i c  the expans ions  
(4.1) and (5.1) a r e  equivalent .  The s ingu la r  na tu re  of the expans ion  (5.1) nea r  ~= ~c a r i s e s  due to the fac t  that  
the s y s t e m  (1.1) is non l inear ,  and upon p e r t u r b a t i o n  of  the s e l f - s i m i l a r  solut ion (5.2) the l imi t ing c h a r a c t e r i s t i c  
devia tes  f r o m  the gene ra l i zed  p a r a b o l a  ~ = ~c, which is not taken into c o n s i d e r a t i o n  in this expansion.  

In o r d e r  to c o n s t r u c t  a u n i f o r m l y  val id  expans ion ,  let  us use  the method of d e f o r m e d  coo rd ina t e s ,  expand-  
ing the v a r i a b l e  ~ a l so  toge the r  with u and v into a s e r i e s  in powers  of y. The coef f ic ien t s  of the expans ions  
can  be conven ien t ly  a s s u m e d  to be dependent  on t: 

u = y-2/5+~t ui (t), v = y-315+~ v~ (t) ; (5.3) 

= y~ ~ (t), i = 0, t,  . . .  , (5.4) 

F r o m  (4.1), (4.3), and (5.3) we obtain  

u 0 = (3/2) 2/3 (i - -  'ra~ i/s i~15 u~ = (2/5) uoY~,  i = i ,  7, 
~ - - 5 1 ~  " ' ' . '  �9 

= ~ ~ l / lo  ~ ~ i / s  ( 5 . 5 )  
u 8 (7/25) u o Y  ] + (3/2) u z Y z ,  . . . ,  Y z  = J~16s-~13~ Y ~  = J~13J-5/3, . . .  

Analogous  f o r m u l a s  a r e  val id for  v i. 

Making u se  of  (4.1), (4.2), and (5.4), we find 

~o -= " -~/~ ~-~J3I-5;3, ~ = - -  (4/5) ~0Y~ + X~, i = i, . . . ,  7~ 

~ = - (4/25) ;0]'~ + (3/10) x ~ Y ,  x - ~  ~ ,o  x . 

Let  us conv ince  o u r s e l v e s  of  the fac t  tha t  (5.3) and (5.4) d e t e r m i n e  a ve loc i t y  field which is ana ly t ic  on 
the l imi t ing  c h a r a c t e r i s t i c .  Actual ly ,  ~i a r e  ana ly t i c  funct ions of  ~: 

~ =  ~u~ ~ , i , ] = O , l  . . . . .  

Then it is poss ib l e  to r e w r i t e  (5.4) in the f o r m  of a power  s e r i e s  in r :  

= Z s (y) V ,  ] = O, 1, . . . ,  Z s (g) = ~sy~q i = 0, t,  . . .= (5.6) 

and ~= Z0(y) is the equat ion of  the l imi t ing  c h a r a c t e r i s t i c .  Inver t ing  the s e r i e s  (5.6), we obta in  ~ as  an ana ly t ic  
funct ion of  the v a r i a b l e s  ~ and y (or x and y) on the l imi t ing  c h a r a c t e r i s t i c .  A c c o r d i n g  to the c o n s t r u c t i o n  of  
(5.5), u i and v i a r e  ana ly t i c  funct ions  of  r ;  t h e r e f o r e ,  the ve loc i ty  field (5.3) and (5.4) s a t i s f i e s  the ana ly t i c i ty  
condi t ion.  

The s y m m e t r y  condi t ion  is a l so  sa t i s f ied  if the c o r r e s p o n d i n g  p a r t i a l  i n t eg ra l s  (Aki 1 = Aki 2 =} a r e  t aken  
on the hodograph  plane.  
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Fig. 3 

Since the s y s t e m  of coord ina tes  t, y is used in (5.3) and (5.4), it is n e c e s s a r y  that the Jacobian of the 
t r ans fo rma t ion  I= a(g, y)/B(t, y) be d i f ferent  f r o m  zero .  One can show that I x  0 e v e r y w h e r e  in the t ransonic  
zone for  suff icient ly l a rge  y if the condition (4.4) is sa t i s f ied .  

We note that  in this cons t ruc t ion  the hodographic va r i ab l e  t p lays  the ro l e  of the opt imal  coordinate  
defined in [11], s ince the use  of it immed ia t e ly  r e s u l t s  in a un i formly  valid expansion.  

6. Now let  us cons ider  the expansion (4.1), in which we se t  f-=0. Then the chief  t e r m  of the expansion 
will b e  the  nozzle solut ion with X = t/8: 

U == vl/efz/6 + vt/3/~/2 + vtn]~/2 + ... (6.1) 

Repeat ing the d i scuss ions  of the p reced ing  sec t ions ,  one can p rove  that  (6.1) de t e rmines  an N flow. The 
r e s u l t s  of  the calcula t ion of a nozzle  accord ing  to the solution (6.1), in which the f i r s t  two t e r m s  a r e  kept ,  is 
given in Fig. 2. The flow is analyt ic  on the incoming l imit ing c h a r a c t e r i s t i c  C- ,  and it continues x~ith a weak 
discontinui ty beyond the c h a r a c t e r i s t i c  C +, which o r ig ina tes  f rom the nozzle  center  in o rde r  to avoid the 
a p p e a r a n c e  of  a l imit ing line between the c h a r a c t e r i s t i c  C + and the s emlax i s  x > 0. The second t e r m  is 
a p p r e c i a b l e  e v e r y w h e r e ,  and the continuation with a weak discontinuity cons t ruc ted  in [5} was used for the f i r s t  
t e r m .  

The values  of the a r b i t r a r y  constants  a r e  given by Eqs. (4.5). 

2he Corresponding solution of the s y s t e m  (1.1) in the x, y plane can be wri t ten by using the method! of 
expans ion  into a s e r i e s  in s e l f - s i m i l a r  components  with ~ fixed: 

= y4+iVi(~) ,  v ~ y e + i V i ( ~ )  , ~ = z y  -3. (6 .2)  

2he r e p r e s e n t a t i v e s  U i and V i a r e  de te rmined  by the fo rmu la s  given in [6, 10] and a r e  analyt ic  functions 
a t  the point  gc- Deformat ion  of the va r i ab le  ~ is not r equ i red  in this case .  

Plots of the functions UI(D and Vt(~) a r e  given in Fig. 3. If one se ts  

Ul -- Y~ = U~"= gs . . . . .  0, 

then the s e r i e s  (6.2) will contain as  a pa r t i cu l a r  c a s e  the flow in a doubly s y m m e t r i c  nozzle const ructed in [10l. 

7. Let us cons ider  the solut ion of T r i comUs  equation: 

Y ~-~ Yt "~ Y3, a~.ti = A~k3 = 0, B f/30 :#: 0. (7.1) 

Repeat ing the d i scuss ions  of Sees. 2-4 ,  one can show that (7.1) d e t e r m i n e s  an NS flow. 

Let  B _ ~  0; then (7.1) d e s c r i b e s  flow far  f rom an obs tac le .  The equivalent  un i formly  valid expansion in 
the phys ica l  p lane  is r e p r e s e n t e d  in deformed f o r m  as  

U = y -2 /5+ht  U l ( t , ) ,  ~ = y -315+1tt V t ( t ) ,  ~ = y l:i ~t ( t ) ,  

= x y  -4f~,k  0 = 0 , k t = - 5 1 / 5 0 , k  l =  --57/50, . . . .  

If B _ ~ =  0, then (7.1) d e t e r m i n e s  N flows of a gas in two-d imens iona l  nozzles  of the third asympto t i c  type 
acco rd ing  to [5], which a r e  c h a r a c t e r i z e d  by the or ig in  of a shock wave a t  the center .  Here  only the inlet pa r t  
of  the flow in such a nozzle  is d i scussed .  The app rop r i a t e  expansion in the x, y plane with C fixed turns out to be 
un i fo rmly  valid and has the f o r m  

u = y"~o+at Ul  (~) ,  u = y~+~.t  Vl (~),  ~ = x y - t t ,  

k o = 0 ,  kt = 6 ,  k2----9, k s =  12 .... , 

where  U i and V i a r e  given by fo rmu la s  given in [6, 10]. 
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8. We note that  the solutions 
y = y2 § y3, y = y, -~ y~ ~ - y 3  

do not de t e rmine  N flows. One can convince onese l f  of this fact  by cons ider ing  a pa r t i cu l a r  example .  Let us 
inves t iga te  a flow for which 

~] ~" U1/:~0fl]30 -~ vl/6fl/6, X = Ull/30gl/30 -~- Ul/291/,| (8 .1)  

If one fixes v (v=v0), then one can t r e a t  (8.1) as  the equation of the equa l - s lope  line in the flow plane, 
which is wr i t t en  in t e r m s  of the p a r a m e t e r  t. One can show that  the curve  v = v0 is nonanalytic a t  the in t e r -  
sec t ion  point with the l imit ing c h a r a c t e r i s t i c ;  i .e . ,  a weak discontinuity ex is t s  in the flow (8.1). 

The invest igat ion c a r r i e d  out above shows that  the s e r i e s  (3.1) used to desc r ibe  the flow far  f r o m  an 
obs tac le  can be supplemented with new t e r m s  containing shape p a r a m e t e r s .  These a r e  t e r m s  genera ted  e i ther  
by the s e l f - s i m i l a r  solution with X = 1/6 ( se r i es  (3.2)) or  by the solution with X= 1/30 ( se r i es  (3.3)). The solution 
should be r e p r e s e n t e d  in de fo rmed  f o r m  in the phys ica l  plane.  Since the usual  method of expansion i~] se l f -  
s im i l a r  components  was employed in [12], additional t e r m s  have not been d iscovered .  

It has been noted in [10, 13] that  the s y m m e t r y  condition for the solutions Y2 and Y3 is not significant;  
t he re fo re ,  {4.1) and (7.1) p e r m i t  cons t ruc t ing  flows far  f rom an obs tac le ,  as well  as in Laval  nozzles ,  which a r e  
a s y m m e t r i c a l  with r e s p e c t  to the x axis .  

The authors  thank S. V. Fa l 'kovich  for a useful  d iscuss ion.  
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